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Introduction

MULTIUNIT orbital platformsystem is a promising candidate

for future space missions. It is a concept of an artificial satel-
lite system designed for a number of different mission units sharing
such as power and communication facilities. Compared with con-
ventional single-unit satellites, this kind of platform system is con-
sidered to have the following two advantages. One is reduction of
total payload to be launched. The other is more effective use of or-
bital space, thatis, theincreasein number of satellitescan be relieved
by means of the platform systems and it is helpful to avoid collision
among satellites, especially in the geostationary orbit, where many
satellites have already been in operation. The multiunit platform
system is, however, considered to have the problem of interference
among the mission units especially as a result of the law of con-
servation of momentum. For example, if an observation unit on a
platform changes the direction of its optical equipment, the direc-
tion of an optical equipment of another unit on the same platform
can be affected.

In this Note, the idea of an adaptive structure' is studied to cope
with this problem. The mission units having movable parts are in-
stalled through the variable geometry truss (VGT)? so that the mo-
mentum interference caused by the movable parts is reduced by the
VGT motion. The conceptual sketch of the proposed approach is
shown in Fig. 1; mission units having movable parts are installed at
the peripheralends of VGTs on the platform. This type of installation
of mission unit is considered to have another advantage that it can
help adjust the position and orientation of the mission unit. Formu-
lation of coordinatetransformationof linear and angularmomentum
between the local coordinate of mission unit at the peripheral end of
VGT and the global coordinate of the platformis discussed because
the Euler’s equationis not convenientfor the angular momentum of
amission unit thathas movable parts,in the case of coordinatetrans-
formation with translation as well as rotation. The motion planning
problem of VGT to reduce the momentum interference is formu-
lated based on the coordinate transformation. Computer simulation
is carried out, and the effect of momentum interferencereductionis
demonstrated.

Coordinate Transformation of Linear
and Angular Momentum

The simplest way to deal with a number of values of linear and
angular momentum is to calculate all of the values referring to the
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same global coordinate from the beginning of the formulation. This
kind of approachis not suitable for a multiunitsystem because a task
to be performed in one unit is often described in a local coordinate.
Coordinate transformation of angular momentum convenient for a
mission unit having movable parts, however, has not been seen to
date as far as the authors know. The conventional Euler’s equation
is not appropriatein this case because it requires the values of linear
and angular momentum of all individualrigid bodies of the mission
unitinorderto evaluatethe total momentumin the globalcoordinate.
We introduce a formulation of coordinate transformation of linear
and angular momentum suitable to the situation, which does not
need momentum values of individual rigid bodies of the mission
unit.

Basic Equation
The basic equation of coordinate transformation is generally
expressed as

x=0x' +s (1)

where x’ is a position vector referring to a local coordinate and x is
the correspondingposition vector referring to the global coordinate.
In this Note, lower- and upper-case boldface letters, respectively,
denote vectors and matrices; the dashed variables are used to ex-
press that they refer to the local coordinate. The rotation matrix Q
and translation vector s are defined between the coordinates, where
0 = Q(0) is an orthogonal matrix and actually expressedin terms of
therotationangle vector@ = [, 6, ¢]”. We adopt the roll-pitch-yaw
angles for the rotationangle vectorin this study; the Euler angles can
also be available > Coordinate transformation of a velocity vector is
obtained as the time derivative of Eq. (1) as follows:

x=0x + 0% +5§ )

1
T

Fig. 1 Conceptual sketch of multiunit orbital platform system with
VGTs for momentum interference reduction.
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where

)10, 90, 90,
Q—aw¢+899+a¢¢ 3

Transformation of Linear and Angular Momentum
Linear momentum p, which occurs within a mission unit, is
expressed as

p=/pkdv 4)

where p is the material density and dv is an infinitesimal volume
element. Substituting Eq. (2) for x, the coordinate transformation of
linear momentum is derived as

p=/p(Qx’+QJb’+$)dv=Qy’+me’+m$ (5)

where m is the total mass of the mission unit and y is its weighted

mass center expressed as
y= / px dv 6)

whose coordinate transformation can also be performed similarly
as

y=0Qy +ms 7

Angular momentum £, which occurs within the mission unit, is
expressed as

h=/px><)bdv ®)

Its coordinate transformation on the basis of Egs. (1) and (2) cannot
be performed immediately in this case because of the vector product
operation.Introducingthe vector functionfora 3 x 3 matrix D = [d,;]

WD) = [doy — d3y, d3y — di3, dyy — dy ] ©)
a vector product can be expressed as
axb=uw@b" (10)

On the basis of the linearity of function w, angular momentum (8)
1S rewritten as

h= / px x x dv = / pw@xx™) dv = w(B) (11)
where
B=/pxidev (12)

is an auxiliary variable. Accordingly, the coordinate transformation
of angular momentum k resolves into coordinate transformation of
correspondingauxiliary variable B. Substituting Eqs. (1) and (2) for
x andx in Eq. (12), the coordinate transformationis then formulated
as follows:

B = / 0(Qx'+5)(0x'+ QX' +5)" dv
= QAQ"+0B Q"+ Qys"+sy" Q" +sp" Q"+ mss”  (13)
where A is a kind of quadratic moment expressed as
A= / ,oxxT dv (14)
and its coordinate transformation is similarly obtained as
A=Q0A'Q"+Qy's"+sy" Q"+ mss” (15)
On the basis of the formulation, the mechanical variablesrequired
for coordinate transformation of linear and angular momentum are

m, p,y, A, and B for a mission unit, irrespective of the number of
its constituentmovable structural elements.

Motion Planning of VGT

Kinematic Relation

VGT? is a mechanical system that has a topology of statically
determinate truss structure and a number of length-adjustabletruss
members as its actuators. The kinematic relation of VGT can be
formulatedas geometricalrelationshipbetweenits workspace vector
and member lengths?* In this study, the workspace vector of the
VGT, z=[s", GT]T, consists of the position s and orientation 6 of
the peripheral end and is assumed to express the translation and
rotation of the local coordinate of the mission unit. It can be related

to the member lengths vector I=[l,, ..., Iy,]7 through the nodal
positionsx = [x], ..., x}, 1" in the following general form:
z=2"x)] =Z'1) (16)
The velocity relation is immediately obtained as
z=J" (17)
where
) - . 0z . ox
J =TT, J: =0 JI=5 (18)

are the Jacobian matrices.

Formulation of Mechanical Variables for Truss
In the case of VGT or other truss structures, the mechanical vari-
ables introducedin the preceding section are formulated as follows:

N
1
Pr = th pi = Em[ (xot,' +.X.7‘3,.) (19)

i=1

N
yr = ZJ’z,

i=1

Yy = %m[ (xa,. +x‘3,.) (20)

N
Ar=) A

i=1

1 1
T+ m-xa.x;_ + gm[xﬁ,.x:i + gm[xﬁ,.x;i 2D

N
B =) B

i=1

(22)

-T 1 - T 1 - T 1 W
=MiXe X, + —MiXy Xy, + =m;xg,x, + —mxgx

B; _
3 6 6 i3 Bi

where m; is the mass of ith member and x,, and xg, are the nodal
positions of the both ends of the ith member. Subscript T denotes
that the variables are for VGT. Truss members are assumed to have
uniform cross section in the formulation.

On the basis of Egs. (11) and (22), the linear relation between the
angular momentum and the nodal velocity can be obtained in the
following form:

Ni
hT = Zhl

i=1

1 1 .
h; = [gng(xa,-) + gm[Q(xﬁ,.):|xa,.

+ [%m[Q(xﬁi) + %m[Q(xa,.):| Xg, (23)

where Q(a) is the matrix function for a three-dimensional vector
a = [ay, a,, a;]", expressed as

0 —-a3 a
Q@)= a 0 —a (24)
—a, a; 0

which satisfies the following relation:

axb=w@b") =Q@b (25)



AIAA JOURNAL, VOL. 40,NO. 8: TECHNICAL NOTES 1675

Paying attentionto the linearity of Egs. (19) and (23) about the nodal
velocities, the following equation is obtained as a superposition of
these equations:

P = [ZT} =Cri (26)
T

where C?* is the resultant coefficient matrix.

Motion Planning for Momentum Interference Reduction
We introduce the following operation [ - | for a linear vector
function of the time derivative of rotation matrix f = f(Q), defined

as
N 1Y 0 0
[f(Q)]g—[f(—w),f(—ag),f(—a(p)} Q7

which results in the coefficient matrix between f and 0 expressedas
f=11@)6 (28)

Referring to Eqgs. (5), (11), and (13), the coordinate transforma-
tion of linear and angular momentum of the mission unit can be
expressed in the following form by means of the operation:

pu =mys + [Qy/y]éé +myQpy 29)
hy =QQy, +mys)s + [w(QA’UQT + syl ¢ T)]gé
+w(0B,Q" +sp] Q") (30)

where subscriptU denotes that the variablesare for the mission unit.
These two equations can be arranged as

Py = [ﬂ —critr (31)
U
with the following matrix and vector:

m [Qy,)s

C[)z — v . Ul . (32)
QQy,, + mys) [w(QAbQT + sy, T)]g
myQpy
T = / T /T T (33)
""’(QBUQ +spy O )

From Egs. (17), (18), (26), and (31) we formulate the following
motion planning problem in terms of the member velocity I:

Find I
Jl=z
such that (CP:J? + CP D = —r*
g(i) — Min (34)

wherez is the target workspace velocity to be achievedand g(I) is a
criterion function adopted in order to resolve the kinematical redun-
dancy. In the case of the criterion function g(/) in a quadratic form,
the solution of the motion planning problem can be expressed as

. Jz[ + é
l = [szJz[ + C[),\'J,\'Ii| [_r*i| (35)

by means of an appropriate generalized inverse® [ - ]7. In the fol-
lowing simulation study, we adopt the criterion expressed as

g=gl) =1iI"I (36)

which evaluates the magnitude of the VGT motion in member
lengths; the motion planning problem is solved by means of the
pseudo-inverse.

Computer Simulation

We conduct a computer simulation in order to demonstrate the
effect of momentum interference reduction by means of the pro-

- %

a)

Fig.2 Computer simulation of VGT motion with antenna unit: a) ini-
tial posture, b) final posture obtained by the motion taking account
of momentum management, and c) final posture obtained by a motion
without taking account of momentum management.

posed motion planning. An antenna unit is assumed to be installed
on the main structure of the platform system through a helical-mast-
type VGT. It consists of 54 truss members, and the mass of each
truss member is assumed to be 1 kg, that is, the total mass of the
VGT is 54 kg. The mass of the antenna unit is assumed to be 10 kg.
Figure 2a shows the initial posture of the VGT and antennaunit. The
task to be performed by the VGT is to attain the target workspace
zi"=10.5,0, 5.5 m; 0, 10, 0 deg]” from the initial position z™" =
[0,0,6m;0,0,0 deg]T in 10 s while the antennaunitrotates 20 deg
on the y axis of its own coordinate. The path in the workspace is
assumed to be straight, and the velocity pattern minimizing total
rate of accelerationis adopted. The time step for numerical integra-
tion and motion planning is 0.001 s. Figure 2b shows the resultant
final posture achieved by means of the proposed momentum man-
agement approach. We also carry out another simulation of a VGT
motion under the same task, which does not take account of mo-
mentum management. This correspondsto the motion planning (34)
without the second constraint on momentum. The final posture in
this case is shown in Fig. 2c. On the basis of the proposed motion
planning approach, the maximum error in linear and angular mo-
mentum 5.3 x 1073 kgm/s and 8.8 x 1072 kgm?/s is accomplished,
while the maximum error becomes 4.5 kgm/s and 17 kgm?/s for the
motion without momentum consideration.

Conclusions

Interference among mission units is considered to be one of the
major problems for multiunit orbital platform systems. In the Note
the interferencecaused by the conservationof momentumis studied,
and an applicationof VGT for momentum managementis presented.
To deal with the local coordinate fixed to mission unit, we introduce
a suitable formulation of coordinate transformation of linear and
angular momentum. On the basis of the formulation, the criterion-
oriented motion planning problem is developed, and a solution by
means of generalizedinverse is indicated. We also carry out a com-
puter simulation, and the feasibility of the proposed approach is
demonstrated.
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I. Introduction

MART structures with integrated distributed piezoelectric sen-

sors and actuators have been extensively studied in recent years
for their potential versatile applications in many aspects, such as
aeronautical and astronauticalengineering. The independentmodal
space control (IMSC),' which cannot be realized perfectly with the
discrete sensors and actuators, can be implemented by the modal
sensors and modal actuators with little observation and control
spillover by using distributed piezoelectric wafers.>~7 However, the
modal actuators/sensors,”~* which are designed by shaping the elec-
tric pattern of the piezoelectriclayers, are difficult to apply to two-
dimensional structures, such as plates and shells, except some spe-
cial cases. Although the distributed piezoelectricsegment methods-’
can be used for modal control of plates, it can lead to higher costs
to control multiple modes simultaneously at a satisfied accuracy.
Recently, Tzou et al.} gave generic ideas called “spatial thickness
shaping” and “spatial surface shaping” to design the modal sensor
for shell structures. However, all of their works are concentrated on
the spatial surface method without discussing the spatial thickness
shaping of the sensor layer.

In this Note, a new practical method is presented to design the
modal sensors/actuatorsby means of modulating the thicknessof the
piezoelectric wafers. The modal actuators/sensors are designed to
excite/sense the designatedone or more modes by shaping the thick-
ness of one piezoelectriclayer. A simple control scheme is given to
perform active control of the smart plates by a modal actuator and
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a modal sensor. The control energy can be made to be properly dis-
tributed on the dominant modes of the plate by the modal actuator
and modal sensor, and, therefore, more effective control results can
be achieved. Finally, two approaches are given for implementing
the modal sensor/actuator approximately.

II. Basic Equations for the Piezoelectric Smart Plates
Consider the transverse vibrationof a thin plate, on both surfaces
of which two piezoelectric layers bonded as the distributed sensor
and actuator, as shownin Fig. 1. Assume that the piezoelectriclayers
are much thinner than the host plate and they are perfectly bonded
and that the bonding layers are so thin that their effects on the whole
plate can be neglected.
The charge output of the sensor layer can be derived as

Pw 9w
qt) =— Fi(x,y) ﬁ+a_y2 dx dy €8]
N

where ¢(¢) is the charge output generated by the piezoelec-
tric sensor layer, w(x,y,t) is the transverse displacement of
the smart plate, S is the area covered by the sensor layer, and
Fi(x,y)=¢e5(x, y)rs(x, y) is the spatial distribution function of
the sensor layer in which ¢}, (x, y) is the piezoelectric stress co-
efficient, r;(x, y) stands for the z coordinate of the midplane of
the sensor layer from the neutral plane of the smart plate, that
is, ry(x,y) =(20+21)/2 and zo, 21, 22, and z3 are z coordinates
as shown in Fig. 1.

The differential equation of motion of the smart plate can be
derived as

2
ph% + VADVIw) = =VI[F,(x, NV(x, y,0] ()

where ph is the equivalent mass density in unit area of the plate,
D(x, y) is the equivalentbending stiffness of the plate, V' is the con-
trol voltage,and F, (x, y) = €5, (x, y)r,(x, y) is the spatial distribu-
tion function of the actuatorlayer. Again, €5, (x, y) is the piezoelec-
tric stress coefficient, and r, (x, y) = (2o + z3) /2 is the z coordinate
of the midplane of the actuator layer.

III. Modal Actuator Design

Consider the case that the voltage applied on the actuator layer is
distributeduniformlyin space. In this case the control voltageis only
atime-dependentfunction,thatis, V (x, y, ) = V (¢). The transverse
displacement w(x, y, t) can be expressed as a linear superposition
of the modes of the plate, that is,

W,y 0=y > (OWyx.y) 3)

i=1j=1

where 1;;(¢) and W;; (x, y) are the i jth modal coordinatesand modal
shape function. Substituting Eq. (3) into Eq. (2), we have

iiij (t) + @] i (1) = —V(f)//VZ[Fa(X,y)]sz(X,y)dXdy
s

i,j=1,2,...,00 4

Piezoelectric
z Actuator Layer

Host Plate

Piezoelectric
Sensor Layer

Fig.1 Plate with piezoelectric sensor and actuator layer.



