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Introduction

A MULTIUNIT orbitalplatformsystem is a promisingcandidate
for future space missions. It is a concept of an arti� cial satel-

lite system designed for a number of different mission units sharing
such as power and communication facilities. Compared with con-
ventional single-unit satellites, this kind of platform system is con-
sidered to have the following two advantages. One is reduction of
total payload to be launched. The other is more effective use of or-
bital space, that is, the increasein numberof satellitescan be relieved
by means of the platform systems and it is helpful to avoid collision
among satellites, especially in the geostationaryorbit, where many
satellites have already been in operation. The multiunit platform
system is, however, considered to have the problem of interference
among the mission units especially as a result of the law of con-
servation of momentum. For example, if an observation unit on a
platform changes the direction of its optical equipment, the direc-
tion of an optical equipment of another unit on the same platform
can be affected.

In this Note, the idea of an adaptive structure1 is studied to cope
with this problem. The mission units having movable parts are in-
stalled through the variable geometry truss (VGT)2 so that the mo-
mentum interferencecaused by the movable parts is reduced by the
VGT motion. The conceptual sketch of the proposed approach is
shown in Fig. 1; mission units having movable parts are installed at
theperipheralendsofVGTs on theplatform.This typeof installation
of mission unit is considered to have another advantage that it can
help adjust the position and orientation of the mission unit. Formu-
lationof coordinatetransformationof linear and angularmomentum
between the local coordinateof mission unit at the peripheralend of
VGT and the global coordinateof the platform is discussedbecause
the Euler’s equation is not convenientfor the angularmomentum of
a missionunit that has movableparts, in the case of coordinatetrans-
formation with translation as well as rotation. The motion planning
problem of VGT to reduce the momentum interference is formu-
lated based on the coordinate transformation.Computer simulation
is carried out, and the effect of momentum interferencereduction is
demonstrated.

Coordinate Transformation of Linear
and Angular Momentum

The simplest way to deal with a number of values of linear and
angular momentum is to calculate all of the values referring to the
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same global coordinatefrom the beginningof the formulation.This
kind of approachis not suitablefor a multiunitsystem becausea task
to be performed in one unit is often described in a local coordinate.
Coordinate transformation of angular momentum convenient for a
mission unit having movable parts, however, has not been seen to
date as far as the authors know. The conventional Euler’s equation
is not appropriate in this case because it requires the values of linear
and angularmomentum of all individual rigid bodies of the mission
unit in order to evaluatethe totalmomentumin theglobalcoordinate.
We introduce a formulation of coordinate transformation of linear
and angular momentum suitable to the situation, which does not
need momentum values of individual rigid bodies of the mission
unit.

Basic Equation
The basic equation of coordinate transformation is generally

expressed as

x D Qx0 C s (1)

where x0 is a position vector referring to a local coordinate and x is
the correspondingpositionvector referring to the global coordinate.
In this Note, lower- and upper-case boldface letters, respectively,
denote vectors and matrices; the dashed variables are used to ex-
press that they refer to the local coordinate. The rotation matrix Q
and translationvector s are de� ned between the coordinates,where
Q D Q.µ/ is an orthogonalmatrix and actually expressedin terms of
the rotationanglevectorµ D [Ã; µ; Á]T . We adopt the roll-pitch-yaw
angles for the rotationanglevectorin this study;the Euler anglescan
also be available.3 Coordinate transformationof a velocity vector is
obtained as the time derivative of Eq. (1) as follows:

Px D PQx0 C QPx0 C Ps (2)

Fig. 1 Conceptual sketch of multiunit orbital platform system with
VGTs for momentum interference reduction.
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where

PQ D @Q
@Ã

PÃ C @Q
@µ

Pµ C @Q
@Á

PÁ (3)

Transformation of Linear and Angular Momentum
Linear momentum p, which occurs within a mission unit, is

expressed as

p D
Z

½ Px dv (4)

where ½ is the material density and dv is an in� nitesimal volume
element.SubstitutingEq. (2) for Px, the coordinate transformationof
linear momentum is derived as

p D
Z

½. PQx0 C QPx0 C Ps/ dv D PQy0 C mQp0 C mPs (5)

where m is the total mass of the mission unit and y is its weighted
mass center expressed as

y D
Z

½x dv (6)

whose coordinate transformation can also be performed similarly
as

y D Qy0 C ms (7)

Angular momentum h, which occurs within the mission unit, is
expressed as

h D
Z

½x £ Px dv (8)

Its coordinate transformationon the basis of Eqs. (1) and (2) cannot
be performed immediately in this case becauseof the vectorproduct
operation.Introducingthevectorfunctionfor a 3£3 matrixD D [di j ]

!.D/ D [d23 ¡ d32; d31 ¡ d13; d12 ¡ d21]T (9)

a vector product can be expressed as

a £ b D !.abT / (10)

On the basis of the linearity of function !, angular momentum (8)
is rewritten as

h D
Z

½x £ Px dv D
Z

½!.xPxT / dv D !.B/ (11)

where

B D
Z

½xPxT dv (12)

is an auxiliary variable. Accordingly, the coordinate transformation
of angular momentum h resolves into coordinate transformationof
correspondingauxiliaryvariableB. SubstitutingEqs. (1) and (2) for
x and Px in Eq. (12), the coordinatetransformationis then formulated
as follows:

B D
Z

½.Qx0C s/. PQx0C QPx0C Ps/T dv

D QA0 PQT C QB0QT C Qy0PsT C sy0T PQT C sp0T QT C msPsT (13)

where A is a kind of quadratic moment expressed as

A D
Z

½xxT dv (14)

and its coordinate transformation is similarly obtained as

A D QA0QT C Qy0sT C sy0T QT C mssT (15)

On thebasisof the formulation,the mechanicalvariablesrequired
for coordinate transformationof linear and angular momentum are
m, p, y, A, and B for a mission unit, irrespective of the number of
its constituentmovable structural elements.

Motion Planning of VGT
Kinematic Relation

VGT2 is a mechanical system that has a topology of statically
determinate truss structure and a number of length-adjustabletruss
members as its actuators. The kinematic relation of VGT can be
formulatedas geometricalrelationshipbetweenitsworkspacevector
and member lengths.4 In this study, the workspace vector of the
VGT, z D [sT ; µT ]T , consists of the position s and orientation µ of
the peripheral end and is assumed to express the translation and
rotation of the local coordinateof the mission unit. It can be related
to the member lengths vector l D [l1; : : : ; lNl ]

T through the nodal
positions x D [xT

1 ; : : : ; xT
Nx

]T in the following general form:

z D zx [x.l /] D zl .l / (16)

The velocity relation is immediately obtained as

Pz D JzlPl (17)

where

Jzl D Jzx Jxl ; Jzx D @z
@x

; Jxl D @x
@l

(18)

are the Jacobian matrices.

Formulation of Mechanical Variables for Truss
In the case of VGT or other truss structures, the mechanical vari-

ables introducedin the precedingsection are formulatedas follows:

pT D
NLX

i D 1

pi ; pi D 1

2
m i

¡
Px®i C Px¯i

¢
(19)

yT D
NLX

i D 1

yi ; yi D 1
2

m i

¡
x®i C x¯i

¢
(20)

AT D
NLX

i D 1

Ai

Ai D 1
3

m i x®i x
T
®i

C 1
6

m i x®i x
T
¯i

C 1
6

m i x¯i x
T
®i

C 1
3

m i x¯i x
T
¯i

(21)

BT D
NLX

i D 1

Bi

Bi D 1
3

m i x®i PxT
®i

C 1
6

m i x®i PxT
¯i

C 1
6

m i x¯i PxT
®i

C 1
3

m i x¯i PxT
¯i

(22)

where m i is the mass of i th member and x®i and x¯i are the nodal
positions of the both ends of the i th member. Subscript T denotes
that the variables are for VGT. Truss members are assumed to have
uniform cross section in the formulation.

On the basis of Eqs. (11) and (22), the linear relationbetween the
angular momentum and the nodal velocity can be obtained in the
following form:

hT D
NLX

i D 1

hi

hi D
µ

1

3
m i X

¡
x®i

¢
C 1

6
m i X

¡
x¯i

¢¶
Px®i

C
µ

1

3
m i X

¡
x¯i

¢
C 1

6
m i X

¡
x®i

¢¶
Px¯i

(23)

where X .a/ is the matrix function for a three-dimensional vector
a D [a1; a2; a3]T , expressed as

X .a/ D

2

4
0 ¡a3 a2

a3 0 ¡a1

¡a2 a1 0

3

5 (24)

which satis� es the following relation:

a £ b D !.abT / D X .a/b (25)
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Paying attentionto the linearityof Eqs. (19) and (23) about the nodal
velocities, the following equation is obtained as a superpositionof
these equations:

p¤
T D

µ
pT

hT

¶
D Cpx Px (26)

where Cpx is the resultant coef� cient matrix.

Motion Planning for Momentum Interference Reduction
We introduce the following operation [ ¢ ] Pµ for a linear vector

function of the time derivativeof rotation matrix f D f . PQ/, de� ned
as

[ f . PQ/] Pµ D
µ

f

³
@Q
@Ã

´
; f

³
@Q
@µ

´
; f

³
@Q
@Á

´¶
(27)

which results in the coef� cient matrix between f and Pµ expressedas

f D [ f . PQ/] Pµ
Pµ (28)

Referring to Eqs. (5), (11), and (13), the coordinate transforma-
tion of linear and angular momentum of the mission unit can be
expressed in the following form by means of the operation:

pU D mU Ps C [ PQy0
U ] Pµ

Pµ C mU Qp0
U (29)

hU D X .Q y0
U C mU s/Ps C

£
!

¡
QA0

U
PQT C sy0T

U
PQT

¢¤
Pµ
Pµ

C !
¡
QB0

U QT C sp0T
U QT

¢
(30)

where subscriptU denotes that the variablesare for the missionunit.
These two equations can be arranged as

p¤
U D

µ
pU

hU

¶
D Cpz Pz C r¤ (31)

with the following matrix and vector:

Cpz D

"
mU [ PQy0

U ] Pµ

X .Qy0
U C mU s/

£
!

¡
QA0

U
PQT C sy0T

U
PQT

¢¤
Pµ

#
(32)

r¤ D

"
mU Qp0

U

!
¡
QB0

U QT C sp0T
U QT

¢
#

(33)

From Eqs. (17), (18), (26), and (31) we formulate the following
motion planning problem in terms of the member velocity Pl:

Find Pl

such that

8
<

:

Jzl Pl D Pz
.CpzJzl C Cpx Jxl /Pl D ¡r¤

g.Pl / ! Min (34)

where Pz is the target workspacevelocity to be achievedand g.Pl / is a
criterion functionadopted in order to resolve the kinematical redun-
dancy. In the case of the criterion function g.Pl / in a quadratic form,
the solution of the motion planning problem can be expressed as

Pl D
µ

Jzl

C pzJzl C Cpx Jxl

¶C µ
Pz

¡r¤

¶
(35)

by means of an appropriate generalized inverse5 [ ¢ ]C. In the fol-
lowing simulation study, we adopt the criterion expressed as

g D g.Pl/ D 1
2
PlT Pl (36)

which evaluates the magnitude of the VGT motion in member
lengths; the motion planning problem is solved by means of the
pseudo-inverse.

Computer Simulation
We conduct a computer simulation in order to demonstrate the

effect of momentum interference reduction by means of the pro-

a) b) c)

Fig. 2 Computer simulation of VGT motion with antenna unit: a) ini-
tial posture, b) � nal posture obtained by the motion taking account
of momentum management, and c) � nal posture obtained by a motion
without taking account of momentum management.

posed motion planning. An antenna unit is assumed to be installed
on the main structureof the platform system througha helical-mast-
type VGT. It consists of 54 truss members, and the mass of each
truss member is assumed to be 1 kg, that is, the total mass of the
VGT is 54 kg. The mass of the antenna unit is assumed to be 10 kg.
Figure 2a shows the initial postureof the VGT and antennaunit.The
task to be performed by the VGT is to attain the target workspace
z� n D [0.5, 0, 5.5 m; 0, 10, 0 deg]T from the initial position zini D
[0, 0, 6 m; 0, 0, 0 deg]T in 10 s while the antennaunit rotates 20 deg
on the y axis of its own coordinate. The path in the workspace is
assumed to be straight, and the velocity pattern minimizing total
rate of acceleration is adopted. The time step for numerical integra-
tion and motion planning is 0.001 s. Figure 2b shows the resultant
� nal posture achieved by means of the proposed momentum man-
agement approach. We also carry out another simulation of a VGT
motion under the same task, which does not take account of mo-
mentummanagement.This correspondsto the motionplanning(34)
without the second constraint on momentum. The � nal posture in
this case is shown in Fig. 2c. On the basis of the proposed motion
planning approach, the maximum error in linear and angular mo-
mentum 5:3 £ 10¡3 kgm/s and 8:8 £ 10¡3 kgm2/s is accomplished,
while the maximum error becomes 4.5 kgm/s and 17 kgm2/s for the
motion without momentum consideration.

Conclusions
Interference among mission units is considered to be one of the

major problems for multiunit orbital platform systems. In the Note
the interferencecausedby the conservationofmomentumis studied,
and an applicationofVGT formomentummanagementis presented.
To deal with the local coordinate� xed to mission unit, we introduce
a suitable formulation of coordinate transformation of linear and
angular momentum. On the basis of the formulation, the criterion-
oriented motion planning problem is developed, and a solution by
means of generalized inverse is indicated.We also carry out a com-
puter simulation, and the feasibility of the proposed approach is
demonstrated.
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I. Introduction

SMART structures with integrateddistributedpiezoelectricsen-
sors and actuatorshave been extensivelystudied in recent years

for their potential versatile applications in many aspects, such as
aeronauticaland astronauticalengineering.The independentmodal
space control (IMSC),1 which cannot be realized perfectly with the
discrete sensors and actuators, can be implemented by the modal
sensors and modal actuators with little observation and control
spillover by using distributedpiezoelectricwafers.2¡7 However, the
modal actuators/sensors,2¡4 which are designedby shapingthe elec-
tric pattern of the piezoelectric layers, are dif� cult to apply to two-
dimensional structures, such as plates and shells, except some spe-
cial cases.Althoughthe distributedpiezoelectricsegmentmethod6;7

can be used for modal control of plates, it can lead to higher costs
to control multiple modes simultaneously at a satis� ed accuracy.
Recently, Tzou et al.8 gave generic ideas called “spatial thickness
shaping” and “spatial surface shaping” to design the modal sensor
for shell structures.However, all of their works are concentratedon
the spatial surface method without discussing the spatial thickness
shaping of the sensor layer.

In this Note, a new practical method is presented to design the
modal sensors/actuatorsby meansofmodulatingthe thicknessof the
piezoelectric wafers. The modal actuators/sensors are designed to
excite/sense the designatedone or more modes by shapingthe thick-
ness of one piezoelectric layer. A simple control scheme is given to
perform active control of the smart plates by a modal actuator and
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a modal sensor. The control energy can be made to be properly dis-
tributed on the dominant modes of the plate by the modal actuator
and modal sensor, and, therefore, more effective control results can
be achieved. Finally, two approaches are given for implementing
the modal sensor/actuator approximately.

II. Basic Equations for the Piezoelectric Smart Plates
Consider the transversevibrationof a thin plate, on both surfaces

of which two piezoelectric layers bonded as the distributed sensor
and actuator,as shown in Fig. 1. Assume that the piezoelectriclayers
are much thinner than the host plate and they are perfectly bonded
and that the bonding layers are so thin that their effects on the whole
plate can be neglected.

The charge output of the sensor layer can be derived as

q.t/ D ¡
Z Z

S

Fs.x; y/

³
@2w

@x2
C

@2w

@y2

´
dx dy (1)

where q.t/ is the charge output generated by the piezoelec-
tric sensor layer, w.x; y; t/ is the transverse displacement of
the smart plate, S is the area covered by the sensor layer, and
Fs.x; y/ D es

31.x; y/rs .x; y/ is the spatial distribution function of
the sensor layer in which es

31.x; y/ is the piezoelectric stress co-
ef� cient, rs.x; y/ stands for the z coordinate of the midplane of
the sensor layer from the neutral plane of the smart plate, that
is, rs.x; y/ D .z0 C z1/=2 and z0; z1; z2 , and z3 are z coordinates
as shown in Fig. 1.

The differential equation of motion of the smart plate can be
derived as

½h
@2w

@t 2
C r2.Dr2w/ D ¡r2[Fa.x; y/V .x; y; t/] (2)

where ½h is the equivalent mass density in unit area of the plate,
D.x; y/ is the equivalentbendingstiffnessof the plate, V is the con-
trol voltage, and Fa.x; y/ D ea

31.x; y/ra.x; y/ is the spatial distribu-
tion functionof the actuator layer. Again, ea

31.x; y/ is the piezoelec-
tric stress coef� cient, and ra.x; y/ D .z2 C z3/=2 is the z coordinate
of the midplane of the actuator layer.

III. Modal Actuator Design
Consider the case that the voltage applied on the actuator layer is

distributeduniformlyin space. In this case thecontrolvoltageis only
a time-dependentfunction,that is, V .x; y; t/ D V .t/. The transverse
displacement w.x; y; t/ can be expressed as a linear superposition
of the modes of the plate, that is,

w.x; y; t/ D
1X

i D 1

1X

j D 1

´i j .t/Wi j .x; y/ (3)

where ´i j .t/ and Wi j .x; y/ are the i j th modal coordinatesand modal
shape function. Substituting Eq. (3) into Eq. (2), we have

Ŕi j .t/ C !2
i j ´i j .t/ D ¡V .t/

Z Z

S

r2[Fa.x; y/]Wi j .x; y/ dx dy

i; j D 1; 2; : : : ; 1 (4)

Fig. 1 Plate with piezoelectric sensor and actuator layer.


